The theory of the Gordon-Haus effect with application to dark solitons is presented. It is proved analytically that a random frequency shift of a fundamental dark soliton results in a time jitter [ times lower than that for bright solitons.
Light propagation in an ideal lossless fiber is ruled by the nonlinear Schr6dinger (NLS) equation, which, depending on the sign of the group-velocity dispersion, possesses either bright or dark soliton solutions.' It was shown theoretically for both bright 2 and dark 3 pulses that solitonlike propagation is possible even in lossy fibers over long distances if losses are compensated for by a periodic amplification. This has been confirmed experimentally for bright solitons in many experiments (see, e.g., Ref. 4) . As first predicted theoretically by Gordon and Haus, 5 an undesirable effect of periodic amplification will cause, through amplified spontaneous emission, a random frequency shift of the solitons that in turn results in a temporal jitter at the output of the fiber links. The statistical jitter parameters observed experimentally 4 showed excellent agreement with the model of Ref. 5 . The situation is different for dark solitons because their synthesis requires elaborate special techniques 6 ' 7 that, up to now, do not permit the study of their propagation in amplified links. Such a study would require the use of high-repetition-rate dark soliton sources, which was suggested in Refs. 8 and 9 but has not yet been experimentally implemented. However, the propagation of dark solitons in ultralong amplified fiber links has been the object of a thorough numerical study,' 0 which showed, in particular, that dark solitons display a jitter lower than that observed with bright solitons. More precisely, a difference of a factor of 12 was found numerically in the standard deviations of the times of arrival of the bright and dark solitons.
The purpose of this Letter is to present the theory of the soliton jitter for the case of dark solitons. We consider simultaneously the analytical developments for the well-known case of bright solitons to make easier the comparison between bright and dark solitons. Our results are in agreement with the conclusion drawn in Hamaide et al. from the numerical experiments reported in Ref. 10 .
We start from the canonical NLS equation, (2) where 6 = a(t -Qz) and q = (n 2 -a 2 )/2. As can be seen from Eq. (2), the solution for the bright soliton has two independent parameters, the soliton amplitude a and the frequency shift Q. It is known that Eq. (1) has an infinite quantity of integrals of motion I,,. Here we are interested in the field energy W and the momentum I, defined as In particular, the frequency fluctuations an may be found from the energy and momentum conservation as follows:
Let us now assume that the nonsolitonic correction is a noise arising from a broadband amplifier. 5 If the amplifier bandwidth is greater than the spectral width of the solitons, then we may consider that its effective noise contribution is white. To describe such a noise, we take the addendum 8u as a stochastic complex field, 8u = 8 UR + isu,, with the statistical
(80*(t)83*(tI)) = 0 and (6u(t)8u*(t')) = D8(t -t'), D being the mean value of the ranaom fluctuations. Using directly Eq. (4) and the correlators of Eq. (5), we find that
Calculating the right-hand side of Eq. (6) for the soliton solution [Eq. (2)], we recover the famous result of Gordon and Haus, 5
Let us note that, although the result [Eq. (7)] does not depend on fQ, it is valid for a bright soliton with any value of the frequency fQ. The physical sense of our parameter D may be understood by comparison of Eq. (7) with Eq. (15) We now consider the case of dark solitons that occurs in the normal fiber dispersion regime (o-= -1). As is well known, in the case of or = -1, Eq. (1) supports a modulationally stable cw background wave u = ui exp(iu,, 2 z), s,, being the background wave amplitude. A dark soliton is kink-type solution connecting two stable background waves of the same amplitude but of different phases, and it differs from a bright one by having nonvanishing boundary conditions that make rather difficult the application of perturbation methods. To simplify the problem, we first remove the cw background by the transformation u = s,, exp(iu,, 2 z)u(t, z), so that the function v(t, z) satisfies the equation
which has a dark soliton of the form v 8 (t,z)=cos ktanh -isin k, and (11)] describes a localized pulse on a constant amplitude background, Ivi -1 at t = ±-co, with a relative phase shift (v -24k). As is well known, because of nonvanishing boundary conditions the case of perturbed dark solitons differs drastically from that of bright solitons.1" Considering the system invariants for Eq. (9), we note that the momentum [Eqs. (3) ] is conserved again, and its form does not change. However, there are basic differences between bright and dark solitons from a Hamiltonian point of view (see Ref. 12) . Because of the nontrivial behavior of the dark soliton at t -±oo, the NLS Eq. (9) has an additional conservation law, 0 = arg(v)l1x = 7r -20. To get a correct Hamiltonian formulation to the NLS Eq. (9), one should make a regularization of the integrals of motion, In (In) reg, in such a way that the-variational derivatives 8Ireg/8v vanish at t = ±00. Such a regularization has recently been used to analyze the self-frequency shift of dark solitons. 13 In the problem of the soliton jitter the regularization procedure of the integrals of motion for Eq. (9) merely implies the use of the regularized form of the field momentum Ireg = I -0 instead of its standard expression [Eqs. (3)]. Note that after the transformation of Eq. (8) the system Hamiltonian H = f ( + 2uio2Ivl4 -s 2 v1 2 + is 0 2)dt (12) is already renormalized and 3H/8v vanishes at t -±00, so that the Hamiltonian can be used directly for a perturbation technique, whereas the field energy W cannot be properly renormalized (see details and discussions in Ref. 
; = q (t -Z),
Such a solution is characterized by the internal phase angle 4(11 < v-/2). The solution [Eqs. (10) where, as above, we have assumed that the field 8v is a stochastic complex noise with the only nonzero correlator
is 0
Note, that, considering the transformation [Eq. (8) note that there is a qualitative difference between the cases of bright and dark solitons, i.e., between Eq. (7) and Eq. (16) . As is well known (see, e.g., Refs. 14 and 15), the creation of bright solitons by (regular or random) perturbations is subject to a threshold condition such that only relatively large perturbations can create additional (secondary) solitons. This means that Eq. (4), which says that in the first-order approximation only a change of the soliton parameters is possible, can be easily verified in practice. On the other hand, the creation of dark solitons being a thresholdless phenomenon,' 6 one may expect, in principle, generation of dark solitons from noise. 17 In connection with the result of Eq. (16), this means that the process of soliton creation is neglected by the assumption that it does not give a contribution to Mf [which is certainly true for a special kind of symmetry of 8v (Ref. 17) ]. As a consequence, by applying the perturbation theory to a dark soliton, we assume the perturbation to be much smaller than the soliton field itself, and in practice Eq. (16) naturally does not hold for small-amplitude gray solitons.
To make a comparison between the cases of bright and dark solitons, we must consider a black soliton of the same amplitude as the bright one. We then set ,, = a = 1 and k = 0 (i.e., 7) = 1). For this choice of parameters Eqs. (7) and (16) Let us now consider the consequences of this result for practical soliton-based transmission systems. We assume a fiber link of length L equipped with N amplifiers. Because of the noise of amplified spontaneous emission, each amplifier induces a random frequency shift Sf that slightly modifies the velocity of the solitons that propagate over the length ZL = LIN of the fiber sections. Since in Eqs. (2) 
17
This relation shows that the temporal jitter of the fundamental dark solitons is X2 lower than that obtained with bright solitons. This result is in perfect agreement with the conclusions of the numerical investigation reported by Hamaide et al. ' 0 Note that a misprint was made in Eq. (6) of Ref. 10 . That equation, which must in fact be read as Eq. (17) above, is the result of an estimate of the dark soliton jitter from an extensive and thorough numerical study of pulse propagation in long-distance amplified fiber links.
In conclusion, we have developed the theory of the Gordon-Haus effect on dark solitons and obtained simple analytical expressions for the jitter of dark solitons. Our results show, in agreement with a previous numerical study, that dark solitons are less sensitive to the Gordon-Haus effect than bright solitons are.
